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INTRODUCTION 
Let X, Y be complex tori, A(X) = Hl (X, 2?), respectively A(Y) = HI (Y, C2.1 
their first homology groups. Denote by Horn@‘, Y) the group of morphisms of 
complex tori of X into Y; by functoriality, we have the homomorphism 
Hom(X, Y) + Homz(H1(X,z)! Hl( Y. 2?‘)) 
which is an embedding. In order to describe its image recall that 
carry the natural structures of complex vector spaces (they may be identified 
with the tangent spaces at the origins of Y and X respectively) and the image 
consists of those homomorphisms between HI (A’, 2!) and Hl (Y, Z), which after 
- @z R! become C-linear homomorphisms between HI (X, R) and Hl( Y. R). 
The aim of this paper is to give a categorical description of complex tori in 
terms of modules over a certain ring. Our main results are as follows. 
Let Z be a complex torus, A(Z) = HI (Z, JJ). We construct a certain ring 
F(Z) of endomorphisms of A(Z) and establish an equivalence of categories of 
complex subtori S c Z and pure F(Z)-submodules A c A(Z). The corre- 
sponding fun&or sends S to A(s) = Hl(S, iz). The adjective ‘pure’ means that 
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the quotient _4(Z)/A is a torsion-free group. The ring E;(Z) is an order in the 
finite-dimensional Q-algebra F(Z)o = F(Z) @ Q; the latter coincides with 
the Hodge algebra HDG(Z) introduced in [5]. If Z is semisimple (e.g. if Z is an 
abelian variety) then F(Z) coincides with the centralizer of End(Z) in 
EndzA(Z). In that case the corresponding finite-dimensional Q-algebras 
End’(Z) = End(Z) @ Q and F(Z)o = HDG(Z) 
are semisimple and as an application of the Jordan-Zassenhaus theorem (as in 
[3]) we derive finiteness of the set of complex subtori of Z (up isomorphism). 
However, in the non-semisimple case finiteness is not true in general: we study 
non-semisimple 2-dimensional complex tori, constructed by Shafarevich [6], 
and, using our results, construct a 3-dimensional complex torus with infinitely 
many mutually non-isomorphic complex subtori (in fact, they are even mu- 
tually non-isogenous). 
We say that a complex torus X is dominated by Z if there exists a complex 
torus Y enjoying the following properties: 
1. X is isomorphic to a complex subtorus of Y; 
2. there exists a surjective morphism of Z” onto Y for a suitable n. 
It is clear that X is dominated by Z if and only if there exist a complex subtorus 
X’ c Z” for a suitable II and a surjective morphism of X’ onto X. We prove that 
the functor X H A(X) establishes an equivalence of the category of complex 
tori dominated by Z and the category of Z-lattices in finitely generated 
HDG(Z)-modules. 
We thank Hendrik Lenstra for very helpful discussions on this topic. In par- 
ticular, he formulated Theorem 2.5 for a complex abelian variety Z with the 
ring F(Z) defined as the centralizer of End(Z) in EndzHi(Z,Z) and he con- 
structed Example 2.8. 
This work was done during the Fall of 1992 when the second named author 
(Y. Z.) was a visiting professor at the University of Utrecht. He would like 
to thank the Mathematical Institute of the University of Utrecht for its 
hospitality. 
1. NOTATIONS AND BASIC NOTIONS 
We use the term ‘torsion-free’ for an abelian group, and this is short for ‘Z- 
torsion-free’. By ‘abelian variety’ we always mean ‘complex abelian variety’ 
viewed as a complex torus. 
For a complex torus X we write 
A(X) := Hi(X,Z). 
We write tx for the tangent space at 0 E X to X. There is a natural structure of a 
C-vector space on 
A(X), = A(X) & R = tx E @g, 
and a natural exact sequence: 
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0 + A(X) --t tx 2 x -+ 0, 
where the exponential map is an etale morphism of complex analytic varieties. 
In other words, T ” tx/A(T). We know that tx = A(X), as a real vector space. 
i.e. T can be given by a free abelian group A % z2” and an action of the square 
root of -1: 
J = JX E Endn(An) with J2 = -Id. 
The action @ -+ End(A(X),) 11 a ows us to describe (write T = A(X)): 
R(X) = End(X) = {U 1 u E Endc(TR), and U. r c r} c Endn(T), 
and (Endz(T))/End(X) is torsion-free. 
1.1. A complex torus T is called simple if 0 and T are the only complex subtori 
of T. For example, every l-dimensional complex torus (an elliptic curve) is 
simple. 
We say that T is semisimple if there exist complex subtori T, c T such that 
the natural homomorphism n:=, T, + T is an isogeny, i.e. surjective with 
finite kernel. 
A complex torus T is semisimple if and only if it enjoys the following prop- 
erty: for any S c T complex subtorus there exists a ‘complimentary’ subtorus 
S’ c T such that the natural homomorphism S x S’ 4 T is an isogeny. i.e. 
S n S’ is finite and dim(S) + dim(S’) = dim(T). 
We say that a 2-dimensional complex torus T is a Shajbrevich extension if 
and only if it is not semisimple (cf. [6], pp. 351-354). 
2. COMPLEXSUBTORI 
We fix a complex torus Z. Let us put 
R := R(Z) = End(Z), and D(Z) := End”(Z) = End(Z) @z Q. 
Recall [5], that the Q-algebra HDG(Z) is the smallest Q-subalgebra F of 
EndQ(A(T)o) such that 
3~ c Enda(A(T)o) C&J [w = Endn(A(T)R) 
contains J. It is known that 
End’(Z) = EndnDo(z)A(Z)Q. 
It is also known that the torus Z is semisimple if and only if the finite-dimen- 
sional Q-algebra HDG(Z) is semisimple; if so, then HDG(Z) coincides with 
the centralizer of D(Z) in Endo(A(Z),). 
Let us put 
F = F(Z) = HDG(Z) n Endz,l(Z). 
By definition, F(Z) is an order in the Q-algebra HDG(Z), i.e. the natural map 
F(Z)Q = F(Z) @Q - HDG(Z) 
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is an isomorphism. Clearly, if 2 is semisimple then F = F(Z) is the centralizer 
of R(Z) = End(Z) in EndnA(Z). 
Example 2.1. Let Z = E is an elliptic curve without complex multiplication. 
Then R(E) = Z and A = A(E) is a free ;2-module of rank 2. This implies that 
F(E) = EndZ(A(E)) is isomorphic to the ring Mat2 (Z) of matrices of size 2 x 2 
with integer entries. 
Example 2.2. Assume that Z is a simple abelian variety of CM type. Then 
R(Z) = F(Z). 
Indeed, R(Z) is an order in a number field D(Z) of degree 2dim(Z) = rkzA. 
Clearly, AQ is a l-dimensional D(Z)-vector space. This implies that 
D(Z) = EndD(z)A, 
and, therefore 
R(Z) = EndD(Z)Aa;a rl EndzA = EndRcz)Ao rl EndzA = EndRcZ)A 
= F(Z). 
Remark 2.3. The ring F does not change by taking powers. Namely, 
F(Z) = F(Z”). 
Here we check it for semisimple Z. For Z semisimple we have A(Z’) = A(Z)n 
and R(Z”) = Mat,(R(Z)) is the ring of matrices of size n x n with entries from 
R(Z). Therefore, 
F(Z”) = EndM at,(~(z))(A~) = En&(Z)(A(Z)) = F(Z). 
Remark 2.4. Let Z be an abelian variety. One can describe F(Z)Q as the 
smallest Q-subalgebra F of Endo(A(Z)o) such that 
Im(C of Endn(A(Z)n)) c FR. 
Comparing this description with the definition of the Hodge group Hdg(Z) of 
Z, see [4], one concludes that F(Z)Q is the Q-subalgebra of Endo(A(Z),) 
generated by Hdg(Z) in the following sense. 
Recall that Hdg(Z) is a connected reductive Q-algebraic subgroup of 
SL(A(Z)o). Then F(Z)Q is the Q-subalgebra of Endo(A(Z),) generated by 
Hdg(Q) c Aut(A(Z)o). 
Here is another description. The Lie algebra hdgz of Hdg(Z) is a reductive 
algebraic Q-Lie subalgebra of Endo(A(Z),). Then F(Z)Q is the (usual, asso- 
ciative) Q-subalgebra of Enda(A(Z),) g enerated by hdgz and the identity 
automorphism of A(Z),. 
Let r be a pure subgroup of A(Z), i.e. the quotient A(Z)/r is torsion-free. 
Clearly, r is F(Z)-invariant if and only if the Q-vector subspace 
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is F(Z), = HDG(Z)-invariant, because 
r = r. n A(z). 
On the other hand, the Q-vector subspace TQ is HDG(Z)-invariant if and only 
if there exists a complex subtorus T c Z such that 
r = A(T) c A(Z); 
cf. [5], 1.4. 
We conclude that there is a one-to-one correspondence between complex 
subtori T c Z and F-submodules r c A = A(Z) such that the quotient A/r is 
torsion-free, defined as follows. 
T H r = A(T) c A = A(Z), 
r ++ rw/r = T c z. 
If S c Z and T c Z are complex subtori, we have a natural embedding 
XS,~ : Hom(S, T) - Homr(A(s), A(T)), 
(induced by the functoriality of the first integral homology group) and the 
cokernel of Xs,r is torsion-free. We claim that the image Xs,r(Hom(S, T)) 
coincides with HomF(A(S), A(T)). This assertion follows from the equality 
AS. r(Hom(S, T)) = H omHnc(zi(A(s),, Am). 
established in ([5], 1.4), the result about the cokernel mentioned above and an 
obvious equality 
HomF(A(S), A(T)) 
= HomHoG(z)(A(S)o, A(T),) n Homn(A(s), A(T)). 
Let Subt(Z) be the category of complex subtori of Z. Its objects are complex 
subtori of Z and for objects S, T of Subt(Z) the group of morphisms is 
Hom(S, T). Let Submod be the category of F-submodules r c A such that 
the quotient A/r is torsion-free. If r, n are objects of Submod then the 
corresponding group of morphisms is HomF(r, A). The correspondence 
T ct A(T) with 
X~,T : Hom(S, T) - Hom(A(S), A(T)) 
defines a functor 
Xz : Subt(Z) H Submod( 
We summarize our results as follows. 
Theorem 2.5. Let Z be a complex torus. The functor 
Xz : Subt(Z) H Submod 
is an equivalence of categories. In particular, complex subtori S and T of Z are 
isomorphic if and only if the corresponding F(Z)-modules A(S) and A(T) are 
isomorphic. 
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Remark 2.6. It may happen that complex subtori S, T c Z are isomorphic but 
there is no automorphism u of 2 such that US = T. Here is an example. Choose 
complex abelian varieties A and C with Hom(A, C) = 0. Let B/A = C be a 
non-split extension. Note that B !j& A x C. We put 
Z = B x A, with S = A c B = B x (0) c Z: 
and T = A = (0) x A c 2. 
Clearly, 5’ is isomorphic to T but Z/S = C x A is not isomorphic to B = Z/T. 
This implies that one can not extend an isomorphism between X and Y to an 
automorphism of Z. 
Remark 2.7. Let us assume that Z is semisimple. Then, as we know, the ring 
F(Z) can be explicitly determined from the action of R = R(Z) on Z. So, one 
may attempt to establish an equivalence of Subt(Z) and a certain category of 
R-modules. For instance, one can attach to each complex subtorus T c Z the 
right R-module (ideal) 
M(T) = {U E R 1 u(2) c T} 
and consider a functor T H M(T) from Subt(Z) to the category of pure right 
R-submodufes (right ideals) A4 of R such that the quotient R/M is torsion-free. 
If R = R(Z) is a max~mai order in D(Z) then one proves that the functor T t-+ 
M(Z) is an equivalence of categories. 
Example 2.8. We construct complex subtori X, Y c Z which are non-iso- 
morphic but such that the corresponding right R(Z)-modules M(X) and M(Y) 
are isomorphic. 
We start with an auxiliary construction. For an abelian group I we write I# 
for its dual: 
I# := Horn&I, Z). 
For fractional ideals 1: J c L we write (as usual): 
I:J={xEL~xJcI}. 
Lemma 2.8.1. Let L be a numberfield with [L : Q] = d > 2. Then there is an order 
0 in L andfractionul0ideals I, J c L such that: 
I%?J and 6:I=O:J. 
Proof. Let I c L be any order (e.g. the maximal order), choose a prime number 
p, and write 0 := Z + PI; this is a subring of I, it is an order in L, and pI c 0 is 
an ideal with residue class field Q/p1 z ;Z/pZ. Note that index (I : 0) = 
P d - ’ > p; hence there is a subgroup J properly between 0 and I. This is also a 
fractional U-ideal, and we have: 
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Note that I : I = I (because it is a subring); every element of Z not in .Z is out- 
side J = J; hence Z : Z # J : J, and we conclude that Z 90 J. 
Both 0 : Z and 0 : J are proper ideals of 13 containing pl; since this is a 
maximal ideal we conclude 0 : Z = pZ = 0 : J. This finishes the proof of the 
lemma. 0 
Remarks. In fact, a given order c? admits two such fractional ideals if and only 
if it is not Gorenstein. 
Note that 
Homo(Z, 0) = 0 : Z = (3 : .I = Homo(Z, 0). 
Lemma 2.8.2. Let L be a numberJield with [L : Cl] = d > 2. Then there exist an 
order c? in L, a positive integer n and two O-submodules r. A c A := (O#)“, ea- 
joying thefollowingproperties: 
(i) A/Z and AlA are Z-torsion-free, 
(ii) Z 90 A, and 
(iii) Homo(A, Z’) and Homo(A, LI) are isomorphicasright Enda(modules. 
[Note that Endo g Endo % 0, hence Endo ? Mat,(O).] 
Proof. Choose 0, I, and J as in the previous lemma. Choose n so that Z and J 
can be generated over 0 by n elements, and choose exact sequences of O-mod- 
ules: 
0~A+C?“+Z+0, 
O--tB+C3”+J-+O 
By dualizing we obtain exact sequences of finitely generated Z-torsion-free 
O-modules: 
0 -----f I# =: r + A := ((3#)” - A# + 0, 
0 + J# =: A --f A := (&+)” - B# -----f 0. 
This establishes the choices we promised, and (i) is proved. As Z & J we 
conclude the same for their duals, and (ii) follows. Tensoring Homo(Z. 0) = 
0 : Z = 13 : J = Homo(Z, 0) with 0” we see that (iii) follows, and the lemma is 
proved. o 
Here is the example. We start by choosing a CM-field L with [L : Q] = 2g 2 4 
which does not contain a proper CM-field. We choose a CM-type @ for L; note 
that an abelian variety of CM-type @ is simple. We choose 0 as above. Since 
O# @z Q is a right-module over 0~ = L (clearly of rank over over L), we see 
that we obtain a lattice @(c3#) c CR. This defines a g-dimensional complex 
abelian variety W with W(C) = Cg/@(O#). Clearly, 
0 c End(W). 
By Theorem 3.3 on page 11 of [2] it follows that 
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End(W) = 0, 
hence W is a simple abelian variety and, by (2.2) 
F(W)=R(W)=End(W)=Q. 
We write A = (O#)“, and 2 = W”. Then (see (2.3)) 
F(Z) = F(W) = 0. 
We choose O-submodules r, A c A as in (2.8.2). Since A/r and A/A are tor- 
sion-free, the F( W)-submodules r and A define abelian subvarieties X, Y c Z. 
From (2.8.2.ii) combined with Theorem 2.5 we conclude that X g Y, and from 
(2.8.2.iii) we see that the R(Z)-modules M(X) and M(Y) are isomorphic. 
3. SHAFAREVICH EXTENSIONS 
In this section we give an explicit example, which shows that even ‘subtori of 
a given torus Z up to isogeny’ need not be a finite set. 
Extensions 3.1. In order to give this example we need some information about 
extensions. Let 
s := @“/A(S) and T := @/A(T) 
be complex tori. We classify all extensions of complex tori 
O--+S-+U-+T+O, 
which we consider as elements of Ext(T, S). We fix a choice for a Z-base: 
A(T) =Z.fi @~..@Z.fh@Z.q CB...@Z.~~, 
suchthat {fi,... , fh} is a C-base for the tangent space TV of T. Having made 
these choices we construct a map 
Sh + Ext(T, S) 
as follows: we write 4’ = (O,J) and for ,&, . . . , @h E ts g cg we define 
A4 := A(S) @Z~fi’c~-@Z.fh@Z. (pl,q) @...@Z. (&q); 
this gives 
A(@) c t,s @ fT, where tT = & C .fi. 
j=l 
Clearly this is a lattice in ts @ tT =: tu, hence it defines a complex torus U(p) = 
U = t,/AP. Moreover S c U is a subtorus, and U/S = T follows by con- 
struction, hence we get an extension over T with kernel S in the category of 
complex tori. If we replace any of the ,Dj by adding an element of A, we obtain 
the same lattice Au. Thus we obtain a map 
Sh --f Ext(T,S), by (p,, . . . ,&) H Uco)/S = T. 
Using the definition of the additive structure of Ext(T, S) we see that this map 
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is a homomorphism. Also we see that the map is surjective: given such an ex- 
tension U/S = T, the sequence 
0 ---+ n(s) + ‘4(U) ----+ A(T) --+ 0 
is split exact (as a sequence of Z-modules), such a splitting together with TV = 
Q$=, @ ,f’ gives a ~-splitting of tv as a direct sum of tangent spaces of T and 
S, and it produces the elements PI,. , [L$ E t,y. Let us be more specific in a case 
which we are going to use. 
Lemma 3.2. Sqyose given complex tori ofdimension one jelfaptic rtlrves j 
s = E = @/(Z . 1 + z * cr), and T = Y = C/(Zf 1 + iz. 7). 
The group Ext( Y, E) of extensions in the category qfcomplex tori is canonicall!, 
~s~~rnor~hi~~ to 
Q=/(iZ.l+Z.Cr+22.r+iZ-rcT). 
[Note that this subgroup .Z f 1 $ E . CT + Z ’ T + Z . TCJ c C need not be a lattice.] 
Suppose /7’ E @ % tE is a representative oft E Ext( Y, E); let this correspond with 
the extewion U (“j/E = Y. Then 
Proof. We have seen that the choices made induce a surjective homomorphisn~ 
E -+ Ext(T, S). We shall determine the kernel of this homomorphism. 
Suppose that W/E = Y and W/E = Y give isomorphic extensions. Suppose 
that 0 E tl-: gives U, and y E tE gives FV, i.e. 
U=C2/(Z.e+Z. 0e+Z-f+Z~((Oc+7f’)). 
and analogously for W and y. Suppose that we have an isomorphism lJ cs W 
which induces the identity of E and on Y; on the tangent spaces this is given by 
f-2 +f. We deduce that z E 22 1 1 + 72. t?, and that 
B.~+7.fHp.e+T.(I+I’) E ilw. 
Hence y - 0 - 7-z E Z. 1 + .Z. CT, i.e. 
r-PE~.l+f;Z.cr+~.~+t.~7(r. 
Conversely this condition ensures that the given extensions are isomorphic. 
Thus 
Ker(@-+Ext(Y,E)) zZ.1 fiZ~a+Z~rtH~~-(~. 
Suppose U is a complex torus (of dimension 2) which is an extension of Y with 
kernel E. Suppose it corresponds to < E Ext( Y, E) represented by fi E C as in- 
dicated above. Notice that the following conditions are equivalent: 
(a) U is algebraizab~e (i.e. it is the complex Lie group associated with an 
abelian variety), 
(b) U is isogenous with E x Y, 
(c) there exists an elliptic curve Y’ c U such that the composite map 
Y’ + U -+ Y is an isogeny, 
(d) there exist a homomorphism Y-I U and n~z>o such that 
(Y+ u+ Y)=n.ly, 
(e) there exists a positive integer n such that nc = 0, 
(f) PE a.1 +Q.a+Q.r+Q.r0. 0 
Certainly we are inspired by [6], pp. 351-354. We propose: 
Definition. A Shafarevich extension is an extension U/E = Y of elliptic curves 
where U is a complex torus of dimension 2 which is not algebraizable. Note 
that this is the case if and only if the dimension of U is 2, and U is not semi- 
simple. 
Example 3.3. There exists a 3-dimensional complex torus Z such that there are 
infinitely many mutually non-isogenous subtori of Z; a fortiori in this case the 
set of subtori up to isomorphism is infinite: 
#(Subt(Z)/ G) = 03. 
The construction of Z depends on complex numbers 
7, c, P, Y E C, 
which will be submitted to the following conditions: 
1. r # R and ff $ R, we define 
E:=C/(Z.l@Z.a) and Y := C/(Z . 1 @ z T) 
and we require: 
End(E) = Z = End(Y) and Hom( Y, E) = 0, 
i.e. the imaginary fields Q(T), and Q(g) are not quadratic over Q, and for all 
rational numbers a, b, c, d E Cl! we have (T # (a7 + b)/(cT + d); 
2. 
y@Q.l+Q.~+f.~+Q.~U, 
and 
P~Q.r+Q.l+Q.a+Q.7+~.~(T. 
It is clear that such elements can be chosen; for example choose these numbers 
such that their respective degrees of Q are equal to 3,5,7 and 11 (and T @ R and 
0 +! R); in this case the conditions above are satisfied. 
We consider the lattice 
&cC3=C.e+@.fi+C.f2 
generated over Z by the following vectors: 
e, fle,fi, Pe+Tfi,.& ye+%. 
This defines a complex torus Z = (C . e + @ .fi + @ .fi)/Az, which is an ex- 
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tension of Y x Y with kernel E. For every n E 22 we define a complex subtorus 
T, c Z by the commutative, exact diagram 
O-E-Z ---+YxY-0 
lE/ :j IlY.n.lYi T 
O~E-T,------iY------i0. 
In other words, T,, c Z is the preimage in Z of the elliptic curve 
{(XJX)(XE Y} c Y x Y. 
Claim. For m > II > 0 the complex tori T, and T,, are not isogenous. 
Proof of the claim. Note that the extension T,,/ E = Y is given by 
cl(P + ny) E C/(2l. 1 + z cr + Z. 7 + .Z T(T) GZ Ext( Y, E), 
where we write cl(-) for the residue class mod 77 1 + z CT + Z T + Z TCF. If 
n > 0, condition (2) above and the previous lemma imply that this extension is 
not torsion, i.e. it is a Shafarevich extension; this implies that E c T,, is the only 
complex subtorus of dimension one of T,. 
Let m > n > 0, and suppose there exists an isogeny T, -+ T,. Then E c T,,, 
maps onto a non-trivial subtorus of Tn, hence onto E c T,,; because of condi- 
tion (1) this isogeny induces a. 1 E : E + E, with a non-zero integer u. Analo- 
gously we obtain an isogeny b. 1 y with a non-zero integer b, and there would 
exist a commutative, exact diagram: 
O-E-T,,,-+ Y--O 
Thus we would obtain 
cl(a(P + m-y)) = cl(b(P + nr)). 
If a # b this would contradict the second condition in (2) above; if a = b # 0 
(because of m > n) it would contradict the first condition in (2). This finishes 
the proof of the claim, and it establishes the example. q 
Remark. One may also easily check that 
Hom(T,, T,) = 0 
ifO#m#n#O. 
Remark. Independently Bertrand found an example (quite analogous to the 
example above) of a semiabelian variety with infinitely many mutally non- 
isomorphic semiabelian subvarieties, cf. [l], Section 1.3, Remark 1. 
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4. COMPLEX TORI DOMINATED BY A GIVEN TORUS 
Let r be a Z-lattice in a finitely generated HDG(Z)-module TQ. This means 
that r be a Z-lattice in a finite-dimensional Q-vector space TQ and there is a 
homomorphism 
up := pr : HDG(Z) -+ EndQ(ra). 
Our goal is to associate to (r, ‘p) a certain complex torus Tr, ‘p dominated by Z. 
First, let us consider the real vector space 
rw=rQc3QIw=rm. 
Extending cp by R-linearity, we obtain the homomorphism of R-algebras 
cp : HDG(Z)lw --f Endiw(rw). 
We define the complex torus Tr = TT,~ as 
Tr = rrwlr, Jr, = P(JZ). 
A complex torus T is called Z-constructible if it is isomorphic to Tr, i. for suit- 
able r, cp. Clearly, a complex torus T is Z-constructible if and only if there 
exists a homomorphism 
+ : HDG(Z) -+ Endo(A(T)a) 
such that after extensions of scalars from Q to [w 
JT = $(Jz) E Endd4T)t-d. 
In this section we show that 
a complex torus is Z-constructible ifand only ifit is dominated by Z. 
4.1. Every Z-constructible torus is dominated by Z. 
One has only to check that the HDG(Z)- module ~(T)Q is isomorphic to a 
subquotient of A(Z)& = A(Z’) Q f or suitable n. But this is a special case of the 
following elementary result. 
Elementary lemma. Let A be afinite-dimensional algebra with 1 over afield, Va 
jinite-dimensional faithful left A-submodule. Then each jinitely generated left 
A-module Wis isomorphic to a quotient of an A-submodule of V” for suitable n. o 
Next we prove the converse: every complex torus dominated by Z is Z-con- 
structible. 
Example 4.2. If r = A(Z) and the structure of the HDG(Z)-module on rQ = 
A(Z), is defined by the inclusion HDG(Z) c EndQ(A(Z)Q) then Tr = Z. In 
particular, Z is Z-constructible. 
Remark 4.3. Clearly, if r = n @ 17 and the Hodge module ro is the direct sum 
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of the Hodge modules AQ and ITQ then Tr = T, x Tn. In particular, if n == 
%4(Z) (n times) then Tr = Z”. It is also clear that the product of Z-con- 
structible tori is also Z-constructible. 
Remark 4.4. Let T be a complex torus and let 
cp : HDG(Z) + EndQ(A(T)Q, ,@I : HDG(Z) + EndQ(A(T)o 
be two homomorphisms such that, after extensions of scalars to R, 
JT = cp(Jz) = $(Jz). 
Then cp = $. In other words, there is only one way to define a structure of 
Z-constructible torus of T. Indeed. let 
B = {h E HDG(Z) 1 p(b) == $(h)}. 
Clearly, B is a Q-subalgebra of HDG(Z) and BR contains Jz. The minimality 
property in the definition of HDG(Z) implies that B = HDG(Z). This means 
that 9 = $. 
4.5. Let 17 be a pure subgroup of lY If rI, is a HDG(Z)-submodule of TQ then 
T, = Ilr~/lI is a complex subtorus of T, = Tiw/I’. Conversely, if m/T is a 
complex subtorus of Tr then fly is the HDG(Z)-submodule, i.e. no is a 
HDG(Z)-invariant subspace of ra. Indeed, since ra/r is a complex subtorus, 
the real vector subspace Un is J7,. = cp(Jz)-invariant. Let B be the Q-sub- 
algebra of HDG(Z) consisting of all elements h E HDG(Z) such that h(17~) c 
17~. Clearly, BW contains Jz. The minimality property in the definition of 
HDG(Z) implies that B = HDG(Z). This proves that 17~ is HDG(Z)-in- 
variant, i.e. is the HDG(Z)-submodule of rQ. As an immediate corollary. we 
obtain that each complex subtorus of Z-constructible torus is also Z-con- 
structible. 
4.6. Let x : TI-,, ---f T be a surjective homomorphism of complex tori. We are 
going to prove that T is Z-constructible, i.e. prove the existence of the homo- 
morphism 
$ : HDG(Z) + Endo(A(T)a) with $(Jz) = Jr. 
In other words, a quotient of Z-constructible torus is also Z-constructible. 
In order to do that, notice that. by functoriality, 7r induces the surjective 
homomorphism 
7riT* : A(Tr.,-)Q --+ A(T), and ~*(JT,.,;.Y) = Jr(m) Yu E A(Tr.;)w. 
Let S be the identity component of the kernel of x : T,,, + T. Then S is 
a complex subtorus in TT,~ and n(S), coincides with the kernel of 7rr : 
A(Tr.,), + il(T It follows that the kernel of 7r* is the HDG(Z)-submodule 
of A(T~,,)Q and one may identify via 7r* the Q-vector space n(T), with the 
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HDG(Z)-module A(Tr,P)~/A(S)~. Since Jz acts on A(Tr,P)n as JTr,,, we 
conclude that Jz acts on the HDG(Z) @Q R-module A(T)n as 
ziT,x - G(JT,.~x) = JT(K*x). 
This ends the proof. q 
4.7. Let A be a Z-lattice in the finite-dimensional Q-vector space AQ and a 
homomorphism 
+ : HDG(Z) --) End(Ao) 
defines the structure of HDG(Z)-module on AQ. We denote by 
Mor((r, cp), (A, $)) the group of homomorphisms u E Homz(r, A) enjoying 
the following property: by - @z Q we obtain a homomorphism u : TQ --f Aabp 
of the HDG(Z)-modules. 
Clearly, every u E Mor((F, y3), (A, ~)) enjoys the following property: by 
- 8~ lR we obtain 
IA: rrw ----+ A, 
and 
~(cp(Jz)x) = $(Jz)(ux) Vx E rlw. 
This gives us the natural embedding 
Mor((r, cp), (A, ?J)) c Hom(Tr, TA). 
We claim that this embedding is bijective. Indeed, each morphism of the tori 
arised from a homomorphism ZJ : r + A such that (after the extension of v by 
the ~-linearity) 
v(cp(Jz)x) = $J(Jz)(vx) vx E rw. 
In order to prove the bijectiveness, we have to check that u induces a homo- 
morphism of the HDG(Z)-modules, i.e. 
~(~(~)~) = I vx E r,. 
Let B be the subset of HDG(2) consisting of all b satisfying the formula above. 
Clearly, B is a Q-subalgebra of HDG(Z) and Bn contains Jz. Now, the 
minimality property in the definition of HDG(2) implies that B = HDG(Z). 
This proves 
Mor((r, cp), (A, ?sl)) = Hom(Tr, TA). 
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